Abstract. The transmission problem for the reduced Navier equation of classical elasticity, for an infinitely stratified scatterer, is studied. The existence and uniqueness of solutions is proved. Moreover, an integral representation of the solution is constructed, for both the near and the far field.
1. Introduction. In this work we are studying the transmission problem for the reduced Navier equation, in the case where a plane elastic wave is incident upon a nested body of an infinite number of homogeneous layers. On the surfaces that describe this tessellation, the transmission conditions are imposed that express the continuity of the medium, and the equilibrium of the forces acting on it.
In [15] Sabatier reviews (in the framework of the so-called impedance equation) available answers to the question whether modelling media by continuous, or piecewise constant, parameters leads to essential modifications in the behaviour of scattering problems; see also the references therein. The general theory of scattering of elastic waves is very well presented by Kupradze [12] , [13] , who discusses many interesting quantitative, as well as qualitative, aspects of elastic wave propagation and scattering. The present work is strongly affected by the above references. For the description of the mathematical theory of classical elasticity we also refer to [7] .
Uniqueness theorems are, among others, proved by Jones [10] and Wheeler and Sternberg [16] , who also present integral representations for the displacement field. Existence theorems are presented in [12] , [13] by potential methods, and in [8] by variational methods. Low-frequency elastic scattering has been studied by Dassios and Kiriaki [6] for the case of a single scatterer, by Kiriaki and Polyzos [11] for a penetrable body with an impene-trable core, and by Jones [9] for a single scatterer, where an explicit formula for the second level of approximation is obtained. The general framework, and results about wave propagation in dissipative materials, may be found in the recent book by Caviglia and Morro [5] , where a rich bibliography is also included; in particular, transmission and scattering problems are studied there, and many applications of such problems are encountered.
In Section 2, first we formulate the transmission problem. Then we prove that the corresponding homogeneous transmission problem has as its only classical solution the trivial one; this is done by a method based on the basic energy theorem, [12] . Next, by a generalized solutions approach, the existence and uniqueness of a weak solution to the non-homogeneous transmission problem is proved. This solution is shown to be classical by a regularity argument. Such an approach has been used by the authors in [1] for transmission problems in acoustics, in [2] for parabolic and hyperbolic diffraction problems, and in [3] for elliptic transmission problems.
In Section 3, we construct an integral representation of the solution, in which the transmission conditions and the radiation conditions are incorporated, and we study the asymptotic behaviour of the scattered wave in the radiation region.
Finally, in Section 4, a number of comments have been included on the relation of our results to previous research. The heavily technical parts of proofs of results in Sections 2 and 3 are included in the Appendix.
The transmission problem.
Let Ω be a bounded, convex subset of R 3 , with 0 ∈ Ω, and S 0 = ∂Ω is supposed to be a 2-dimensional C 2 -surface. The exterior, Ω 0 , of Ω is an infinite homogeneous isotropic elastic medium with Lamé constants λ 0 , µ 0 . Ω is considered to be a bonded nested piecewise homogeneous body, consisting of annuli-like regions Ω j , divided by 2-dimensional C 2 -surfaces S j , j = 1, 2, . . . , where S j surrounds S j+1 . We assume that dist(S j−1 , S j ) > 0 for all j = 1, 2, . . . Let λ j , µ j be the Lamé constants in the layer Ω j , j = 1, 2, . . . By the adjective "bonded" it is meant that the displacement and traction are continuous across each S j , as will be guaranteed by the transmission conditions. Moreover, we assume that ∞ j=1 |S j | < ∞, where |S j | is the measure of S j . Such a scatterer will be referred to as an infinitely stratified scatterer . This stratified structure allows a variety of applications in biology and geophysics.
We consider the standard operators of linear elasticity
for all j = 0, 1, 2, . . . , where ∆ denotes the Laplacian.
Suppose that a time-harmonic plane wave ψ(r) of angular frequency ω is incident upon a scatterer of the above form, resulting in the emanation of a scattered wave u 0 (r). The total exterior field, ψ 0 (r), in Ω 0 , is the superposition of the incident and scattered fields:
The longitudinal part u p 0 and the transverse part u s 0 of the scattered field satisfy the radiation conditions
uniformly for all directions r, where k γ,0 denotes the wave number of the incident γ-wave, γ = p, s, respectively. The mathematical description of the above situation leads to a transmission problem of the following form: Find u satisfying
together with the radiation conditions (2.4), (2.5), where u j denotes the restriction of u to Ω j , j = 0, 1, 2, . . .
It is well known that the incident field ψ satisfies ∆ * 0 ψ + ω 2 ψ = 0 in Ω 0 . Therefore, the above transmission problem can be written as
together with (2.4) and (2.5) .
This transmission problem will be denoted by (NHTP) in the sequel, while the corresponding homogeneous transmission problem, i.e. when (2.12) holds for all j = 0, 1, 2, . . . , will be denoted by (HTP).
We are now in a position to prove Theorem 2.1. (HTP) has only the trivial solution.
P r o o f. Let Ω 0,R = {r : r < R}, R > 0, be a ball in R 3 , circumscribed around Ω. By the energy theorem, [12] , applied in Ω 0,R − Ω, we have
where v(r, t) = Re[u(r) exp(−iωt)], u(r) being a solution of (HTP). Similarly, in Ω 1 , we have (2.14)
By the transmission conditions, we have (2.15)
and, hence, we arrive at
where U 0 , K 0 denote the potential and kinetic energy, respectively, in Ω 0,R , and
By repeated application of the energy theorem in Ω j , j = 2, 3, . . . , we finally get
whence, using Lemma A.1 (see Appendix), we have
By Lemma A.2 (Appendix), from (2.18) it follows that u 0 (r) = 0 in Ω 0 . We now proceed to show that u 1 (r) = 0 in Ω 1 . This having been accomplished, u 2 (r) will be equal to zero in Ω 2 , too, etc. By (A35) (Appendix) and the transmission conditions on S 0 , we are led to the problems (2.19)
Direct computation shows that (2.21)
im = n i λ 1 δ mq , δ iq being the Kronecker symbol, and n = (n 1 , n 2 , n 3 ), and
In view of (2.21), (2.22), the problems (2.19), (2.20) are set in the standard form of Cauchy problems, for systems of second order elliptic equations. By the form of C q , D q , q = 1, 2, 3, it is apparent that (2.21), (2.22) do not represent tangential derivatives to S 0 . Therefore we may use Holmgren's uniqueness theorem: since the initial data of (2.19), (2.20) are equal to zero, u
, and the proof is complete.
We now proceed to the solvability of (NHTP). It is convenient to reformulate (NHTP) into a transmission problem consisting of non-homogeneous equations and homogeneous transmission conditions, of the form
w 0 satisfies (2.4) and (2.5).
The problem (2.23) will be denoted by (NHTP) in the sequel. The transformation of (NHTP) into (NHTP) is performed as follows: Let (2.24)
where ξ 0 is the unique solution of the problem
Let, moreover, (2.26)
and ξ is the extension of ψ − ξ 0 from S 0 to Ω, defined by
3 . Therefore, the function f defined by
. . , and define
By standard regularity arguments (cf. [1] , [3] , [8] ), the following result can be proved.
w is a classical solution of (NHTP).
We are now in a position to prove Theorem 2.3. (NHTP) has a unique classical solution.
P r o o f. It suffices to prove that (NHTP) has a unique classical solution. As in the standard theory, (NHTP) may be written in the form (2.34) w + Aw = F, 3. Integral representations of the exterior field and the scattering amplitudes. In order to construct an integral representation for the total exterior field, near or far, of the scatterer, we make use of the fundamental dyadic solution of equation
where I = e 1 ⊗ e 1 + e 2 ⊗ e 2 + e 3 ⊗ e 3 is the identity dyadic, and R = r − r ′ . As always, for the observation vector r, we suppose that its measure, r, is greater than the radius of the smallest sphere circumscribable around the scatterer. Since r ′ is inside the scatterer Ω, there exists θ > 0 such that
In what follows, by grad G 0 (r, r ′ ) we mean grad r ′ G 0 (r, r ′ ). First we state the following lemma whose proof may be found in the Appendix.
converge uniformly.
We denote by σ 1 (r), σ 2 (r) and σ 3 (r) the series (3.2), (3.3) and (3.4) of Lemma 3.1, respectively. Then we can prove the following theorem.
Theorem 3.1. The total exterior field of the transmission problem (NHTP) has the integral representation
P r o o f. As is well known [6] , the scattered field u 0 (r) has, in an infinite medium, the following integral representation:
The incident wave ψ is a solution of ∆ * u + ω 2 u = 0, which has no singularities in R 3 . So, Betti's third formula implies that
From (2.3), (3.6) and (3.7) we conclude
Inserting the transmission conditions (2.11) on S 0 to (3.8), we obtain ψ 0 (r) = ψ(r) (3.9)
Applying successively Betti's third formula for u j and G 0 in Ω j , and using the transmission conditions (2.12), we get, for j = 1, . . . , N , (3.10) ψ 0 (r) = ψ(r) + 1 4π
From the definition of ∆ * j , it is easy to show that
Substituting (3.11) into (3.10), letting N → ∞, and taking into account the convergence of the series in Lemma 3.1, we complete the proof.
As far as the scattering amplitudes are concerned, we have the following asymptotic relations, analogous to those of Barrat and Collins [4] . Theorem 3.2. The scattered field of the transmission problem (NHTP) has the asymptotic behaviour
where the scattering amplitudes g p , g s are given by
The quantities appearing above are given by (γ = p, s) 
SI( H γ,j ) is the scalar invariant of the dyadic H γ,j , and the double inner product appearing in (3.13), (3.14) is defined as
The function g p has the outgoing radial direction r, and denotes the scattering amplitude of the longitudinal wave u p . Also the function g s has a tangential direction, and denotes the scattering amplitude of the transverse wave u s . The proof of Theorem 3.2 follows by substituting (A63)-(A67) (Appendix) into (3.5).
Concluding remarks.
For the proof of the existence of solutions of the transmission problem, we have used a generalized solutions approach. The standard approach, i.e. the implementation of potential theory, leads, in our case, to an infinite system of integral equations. Even in the case of a finite number of layers, the generalized solutions method does not present disadvantages as far as the length of the proof is concerned, in comparison to the standard method.
Consider the case
If q = 0, no scattering occurs through S j . If q = 1, the scatterer consists of only one layer. In this case, the problem has been quantitatively treated in [6] . Let g r , g θ , g ϕ denote the normalized spherical scattering amplitudes which describe the effect of the scatterer in the directions r, θ, ϕ, respectively [6] . Their relation to the scattering amplitudes of Section 3 is given by g p = g r r and g s = g θ θ + g ϕ ϕ. The proofs of existence and uniqueness of solutions of the transmission problems in the above cases of q = 0 and q = 1 can be found in [12] , and are performed by the potential theory method.
If q = 2, the scatterer consists of only two layers. This case has been quantitatively studied in [11] .
The quantitative treatment of the case where 3 ≤ q < ∞ is performed in [14] for low frequencies. A remark on the solvability of this transmission problem by the standard approach may be found in [10] .
Appendix
Lemma A.1. Let U j , K j be the potential and kinetic energy, respectively, in Ω j . Then
P r o o f. Let u(r) be a solution of (HTP). Since
if we set (as in [12] )
and (A5)
Then (A6) div v(r, t) = a(r) cos ωt + b(r) sin ωt and (A7) v mq (r, t) = A mq (r) cos ωt + B mq (r) sin ωt.
We therefore have
(A mq (r) cos ωt + B mq (r) sin ωt)
The above will be considered in each Ω j , j = 1, 2, . . . , and then a superscript "(j)" will appear in the quantity involved. Let λ * = sup j λ j and µ * = sup j µ j . We assume that (in accordance to what is expected by physical considerations) λ * , µ * < ∞. Let, moreover,
for m, q = 1, 2, 3, and j = 1, 2, . . . Then, by (A8),
A5) and the definition of the L 2 and H 1 norms, (A13) gives
(H 1 (Ω j )) 3 } where c is a constant independent of j, depending only on λ * , µ * , ω. Now, by the structure of our scatterer Ω, we have
thus proving the uniform convergence of the series
As far as ∞ j=1 (∂/∂t)(U j + K j ) is concerned, the same conclusion holds. To prove it, we note that by (A9) we have
and then we argue as from (A12) onwards.
Lemma A.2. The relation
In what follows we make use of a number of asymptotic estimates for w γ , 
Therefore (2.18) becomes
Using (A9) we have
We note that the RHS of (A24) changes sign. Indeed, we have
and we also have
Suppose now that Q 0 + ∞ j=1 Q j = 0; without loss of generality we may assume it to be positive. Since the RHS of (A23) is non-negative for sufficiently large R, (A23) and (A28) imply that for γ = p, s,
uniformly, over all directions. But it is well known ( [12] , p. 53) that w γ (r) is a solution of Helmholtz's equation
By Rellich's lemma ( [12] , p. 53), we obtain
But then, on account of (A23),
and the change of sign of the LHS implies 2 . In order to apply the surface stress operator (A39)
T j = 2µ j n · grad +λ j n div +µ j n × curl to G 0 (r, r ′ ), it is necessary to evaluate the gradient of G 0 (r, r ′ ) with respect to the variable r ′ . We have 
with γ = p, s for the longitudinal and transverse wave respectively, and (A44) M s,4 (R) = ik s,0 − 1 R .
Since R ≥ θ Application of the surface stress operator T j−1 − T j to G 0 (r, r ′ ) gives
From (A40), (A45), (A46) and (A47) we have
